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ERROR BOUNDS OF CONJUGATE OF A PERIODIC SIGNAL BY ALMOST 

GENERALIZED NORLUND MEANS 

VISHNU NARAYAN MISHRAi’^.VAISHALI SONAVANRi 


Abstract In this paper, we determine the error bounds of conjugate signals between input periodic 
signals and processed output signals, whenever signals belong to Lip (a, r) -class and as a processor we have 
taken almost generalized Ndrlund means using head bounded variation sequences and rest bounded variation 
sequences. The results obtained in this paper further extend several known results on linear operators. 

1. Introduction 

A number of researchers Al-Saqabi et al. [2], Liu and Srivastava [9], Alzer et al. [10], Mohapatra m-m, 
Bor et al. m, Choi and Srivastava m have established interesting results in sequences and series using 
different linear summability operators. The degree of approximation of a function belonging to various classes 
using different linear summability operators has been determined by several investigators like Bernstein 
[22], Alexits ([a-0, Sahney and Goel [4], Khan m, Mishra et al.([25]-[2^. Chen and Hong m used 
Cesro sum regularization technique for hyper singularity of dual integral equation. Summability of Fourier 
series is useful for engineering analysis. Sahney and Rao [3] and Khan [T2]have studied the degree of 
approximation of functions belonging to Lip [a, r) by {N,pn)&^ {N^p,q) means respectively. Summability 
techniques were also applied on some engineering problems: for example, Chen and Jeng m implemented 
the Cesaro sum of order (C, 1) and (C, 2), in order to accelerate the convergence rate to deal with the Gibbs 
phenomenon, for the dynamic response of a finite elastic body subjected to boundary traction. Recently, 
Mursaleen and Mohiuddine [21] discussed convergence methods for double sequences and their applications 
in various fields. Quereshi ([I8]-[I9] discussed the degree of approximation of function belonging to Lip a 
k,Lip(a, r) by {N,pn) means of conjugate series of a Fourier series. Summation-Integral operators play 
an important role modeling various physical and biological processes. Analysis of signals or time functions 
is of great importance, because it conveys information or attributes of some phenomenon. The theory of 
linear summability operators has had an important influence on the development of mathematical systems 
theory. On the other hand, mathematical systems theory serves as a direct source of motivation and new 
techniques for the theory of linear summability operators and its applications. The engineers and scientists 
use properties of Fourier approximation for designing digital filters. Singh [53], Pati [53] and Dikshit [33] 
have obtained the error bounds of conjugate signals by different summability methods. The purpose of this 
paper is to determine the error bounds of conjugate signals between input periodic signals and processed 
output signals, whenever signals belong to Lip {a, r)-class and as a processor by almost generalized Ndrlund 
means using under conditions that (p„) S HBVSand ((?„) G RBVS. 

Let ^ given infinite series with the sequence of partial sums{s„}. Let p denotes the sequence 

{pn}, P-i = 0. For two sequences p and q, 

Pn ■= Po + Pi + ■ ■ ■ +Pn, {P-1 = P-1 = 0), 

Qn ■= QO + Ql + ■ ' ■ +9nj {Q-1 = 9-1 = 0); 
the convolution {p * q)n is defined by 

n n 

Rn = (p * Q)n — ^ ^ PmQn — m — ^ ^ Pn — mQm- 
m — 0 m — 0 

It is obvious that 

n n n 

Pn •— {p ^ l)n — ^ ^ Pm Qn •— ^ ^ Qm — ^ ^ Qn — m • 

m — 0 m — 0 m — 0 
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When {p * q)n ^ 0 for all n, the generalized Ndrlund transform of the sequence {s„}is the sequence 
obtained by putting 

1 "■ 

— m Qm 5 m ■ 


fP-Q — 

-r, - 


(p * q)r 


m — 0 


If > s as n —> oo, then the sequence {s„} is said to be summable to s by generalized Ndrlund method 
(-/V, p, q) and is denoted by s„ —>■ s {N, p,q) [^ . 

The necessary and sufficient conditions for a {N,p, g)method to be regular are 

n 

^ ^ \Pn — m9m| = O (| (p * q)n |) 

m — 0 

and 

Pn-m = o(|(p* q)n\) , as n —>■ OO, for every fixed m > 0 for which qm ^ 0. 

The (A^,p, q)method reduces to Ndrlund method {N,pn) if = 1 for all n. The (fV,p, g)method reduces to 
Riesz method(7V, ( 7 „)if = 1 for all n. 

( Ti cy — 1 N 

^ ^ 1 ,a > 0, the method (-/V,pn,)reduces to the well-known method 

of summability (C, a). 

The particular case Pn = (n- + 1)~ of the Ndrlund mean is known as harmonic mean and is written as 
(iV,l/n + l). 

Let /be a2 tt- periodic signal (function) and Lebesgue integrable. The Fourier series of / is given by 


/ ~ -^ + (a„ cos nx + bn sin nx) = An (x) (1) 

n—1 n—0 

with n*^partial sums„(/; x) called trigonometric polynomial of degree (or order) n,of the first (n-|-l) terms 
of the Fourier series of/. 

The conjugate series of Fourier series (1) is given by 


{bn cos nx — Qn Sffi n x) = Bn {x). 

n—l n — 1 

The conjugate function f{x) is defined for almost every x by (see [B] ,definition 1.10). 


( 2 ) 


f{x) = —^ f 'ip{t) cott/2 dt = _lim [ — 

27r ./n 


1 


Ip {t) coit/2 dt 


h^o \ 2 tt ^ 

A signal (function)/ S Lip a if 

f{x + t) — f{x) = O (I t“|) for 0 < a < 1, f > 0 
and/ G Lip {a, r), for 0 < a: < 27r, if 

r2TT 1 / j- 

= 0(|t|“), 0 < a < 1, r > 1, t > 0 . 




If we take r —>■ oothen Lip(a, r)= Lip a. 

Loo- norm of a function / : R ^ R is defined by || / || ^ = sup {| / (x)| : x G R} . 

Lr- norm of a function is defined by ||/|| ^ ^/g^ ^ 1/(2^)I dx!^ , 1 < r < oo. 

The degree of approximation of a function/ : i? —>■ i? by trigonometric polynomial tnoi order n under sup 
norm || || ^ is defined by (m) r ^ oo 

\\tn - f Iloo = sup {\tn {x) - f {x) \ : X G R} 

and En{f) of a function/ G is given by 

[Enif) =niin II t„-/||^. 
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We say that the conjugate series is said to be almost generalized Ndrlund summable to the finite number s, 
if 


1 

tP’i = _ 

Rn ^ 

” m = 0 


PmQn — m r t S aS 71 ^ OO 


uniformly with respect to r,where 


^m,r 


1 

TO + 1 


m + r 


j = r 


We note that ^and ^are also trigonometric polynomials of degree (or order) n. 

Here we defines two classes of sequences (see [ID]). 

A sequence c = {c„} of non-negative numbers is called Head Bounded Variation, or briefly c G HBVS,ii 


n—1 

\ck - Ck+i \ < K (c) Cn,Vn G N, (3) 

k = 0 

or only for n < N ii the sequence c has only finite non-zero terms and the last non-zero term is Cjv- 
A sequence c = {c„} of non-negative numbers tending to zero is called of Rest Bounded Variation, or briefly 
c G REVS,if 

OO 

y] |cfc - Cfe+i| < A:(c)c„,Vn G iV, (4) 

k — n 

whereAT (c) is a constant depending only on c. 

For an example of a sequence c G HBVS, we take c to be any monotone increasing sequence. 

Then 

n—1 n—1 

^ ^ I Cfc Cfc + 11 — ^ ^ I C-k +1 Cfc I — Cn Cq ^ K (c) Cn , 

0 k^O 

with AT (c) = 1. 

For an RBVS sequence we take c to be any monotone decreasing sequence with limit 0. Let to be any 
positive integer with m > n. 

Then 

m m 

^ ^ I C-k Ck + 1 1 — ^ ^ I Ck Ck -\-1 1 — Cfi CrYi-\- 1) 

k — n k — n 

and 

OO 

\Ck- Ck + l\= CnlimCyn +1 = Cn “ 0 = X (c) Cn, 

k—n 

with, again, AT (c) = 1. 

We shall use the following notations throughout the paper: 


= 7p{t) = f {X + t) - f {X - t) , 


^ /X'. _ COS {p+ I /2) t cospt/2 
^ sin(t/2) ’ 

and M denotes a constant which may be different at each of its occurrence. 


2. known resnlt 

Very recently Mishra et al. m determined the degree of approximation of a signal / G Lip{a,r), (r > 
1)—class by almost Riesz summability means of its Fourier series. Krasniqi [55] established the following 
theorem to estimate the error between the input signal / (t)and signal obtained by passing through the 
almost generalized Ndrlund mean t0’^(/ (t) ; x). 
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2.1. Theorem. Let (p„) G HBVS and (g„) G RBVS. If / : R —> R is a 2tt— periodic function, Lebesgue 
integrable and belonging to Lip{a, r), (r > 1)— class, then the degree of approximation of the function / by 
almost generalized Ndrlund means of its Fourier series *(/ (^) ! is given by 


II/W - t^uMf it) ; ^)) L = O ,Vn, 

and Ip (t) satisfies the following conditions 





O (R-^), 


(5) 

( 6 ) 





O , 


(7) 


where (5 is a finite quantity, generalized Ndrlund means are regular and r + s = rs such that 1 < r < oo. 


3. Main Result 

The object of this paper is to generalize the above result under much more general assumptions. We will 
measure the error between the input signal / (t)and the processed output signal tP\%if (t) ; a:)by establishing 
the following theorem: 


3.1. Theorem. Let / : R —>■ R be2 tt— periodic, integrable in the sense of Lebesgue and belonging to 
Lip{a,r), (r > 1)—class, then the degree of approximation of function / by almost generalized Ndrlund 
means of its conjugate series of its Fourier series i.e. (t) ; x) is given by 


fit)-t^uMf it) ; x)) 


= O 




,Vn, 


{Pn} G HBVS and {g„} G RBVS and ip (t) satisfies the following conditions 


r-Ti-/ Rn 


' tt/R n 


(mtr 

\ 

t-^\i’)it)\ 


dt 


Ir 


dt 




= 0{Ri) 


( 8 ) 


(9) 


( 10 ) 


where <5 is a finite quantity, generalized Ndrlund means are regular and r~^ + s~^ = 1 such that 1 < r < oo. 

Proof : 

Let us write 


fi ^ ri 

^if-,x) = Rk ix) and tji (x) — ^ ( Pn — k^k ix ). 

Jr), . 


k = 1 


k= 0 


Then we have 


1 


skif;x)-f{x) = - 

^ Jo 

where, by the Riemann-Lebesgue theorem. 


cos (fc + 1 /2) t 


sin {t / 2) 


1 r 

dt= - -lpa:it) 


cos (fc + 1 /2) t 
sin {t / 2) 


dt + r]k, 


1 r 

11k = - ipit) 
TT Js 


COS (fc + 1 /2) t 


sin {t / 2) 


dt ^ 0 as k ^ • 


and now 


r+fc 


Sk,rif (t) ; x) - f{t) = 


•(fc + 1) 


II / f’it) 


cos(p+ l/2)tcospt/2 
sin {t / 2) 


dt Tj k , rt 
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where, for almost generalized Ndrlund means of Sk, r{f (t) ; 2 ;), we have 

1 ^ 

tn,Uf(t) ; x) - fit) = ^ Pmqn-m[sm,rif (t) ] x) - /(t) | 


r ^ cos ip+ 1 /2) t cospt/2 

. Z. (m + 1) ^- dt+U,r 


J 0 r> 

m — 0 


nTT ^ 


"'o m = 0 

r ir/Rn TT 


PmQn — m 


sin {t / 2) 


(m + 1) 


Gn {t) dt + 


„„o (”+') 


0 


= /i +/2 (say), 

Using Holder inequality, f (t) € Lip{a,s) ^-ip (t) G Lip{a,s) on [0,7r] , condition (9), inequalities 

(sin t j 2)~^ < TT /1, forO < t < 7r,| cos nt | < 1. 


\^) (or 



n 

— y 


Pm Qm—n 

m + 1 


Gn (t) dt 


= 0(RP) j 


= 0{R-^) \ / ^dt = 0 ( 1 ) / 


= 0 ( 1).0 


,Q - 1 + i 




rn \ J 7t/R n 


(or 


+ (5 P'fn Qm—n 

m+1 


Gn (t) dt 


Now, using the fact that / (t) G Lip{a, s) +■ tp {t) G Lip{a, s) on [0, tt] , conditions (10),(12)and r ^ + s ^ = 
l,we obtain 


I/ 2 K 0(i?^i) 


,a + 5 " r+m 

t Pm^m-n 

sin 112 ^ m + 1 ^ 

' m—Q p—r 


cos (p + 1 /2) t cos{pt/2) j dt 


= o(i?^l) 


sint/2 


^ ^ PmQm—n j dt 


5 



Also, since p = {p„} G HBVS, then by (3), we obtain 


Pra-Pn^\Pm-Pn\^ ^ \pk-Pk+l\ 
k — m 

n — 1 

^ X! \Pk-Pk + l\ 

< K {p)Pn, 

=> Pm ^ (AT (p) + l)p„, Vto G [0, n]. 


Also, since q = {qn} G RBVS, then by (4), we obtain 

OO 

Qn — m ^ ^ ^ IQu — k Qn— fc — 11 


k — m 

OO 

^ ^ ^ \Qn — k Qn — k — l\ 
k^O 

^ K (g)Qn,Vm € [0, n] . 


Now using (14)and (15), we have 


^ |Pm<7m-n| ^ ^ (AT (p) + l)p„ A:(g) 
m = 0 m = 0 

= {K (p) + 1)K {q) (n + 1) p„(?„ 
= O (i?„). 


Subsequently, we get 


1^21 =0{Ri) 
= O {Ri) 


TT 

f + 

TT/Rrt 

^(a + (5 — 1) s + 1 
(a + (5 — l)s + 1 


T/Rn 


:>S\ r\ I TD -a - (5 + 1 - 1/s 

Using (13)and (17) in (11) , we have 

Imit) ; x))\ = O 


R 


oc — Ijr 


( 14 ) 


(15) 


(16) 


( 17 ) 
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Now, using Lr - norm, we obtain, 


}{i) - tn,Uf (t) ; a;)) = / fit) - t^Uf (t) ; x)) dt 


—Xjr 


= o 


dt\ =0 


jQ -Ijr j ' 


This completes the proof of theorem 3.1. 


4. Corollaries 


The result of our theorem is more general rather than the results of any other previous proved theorems, 
which will enrich the literate of summability theory of infinite series. The following corollaries can be derived 
from our main theorem: 

4.1. Corollary. If / : R R be 2 7r— periodic, integrable in the sense of Lebesgue and belonging to Lip a 
class, then the degree of approximation of function / by almost generalized Ndrlund means of its conjugate 
series is given by 

fit)-tP\lif (t) ] x)) =0{R-°‘),yn, (18) 

oo 

where {pn} & HBVS and {g„} G RBVS and if (t) satisfies (6), (7) and = 1 such that 1 < r < cx). 

Proof : Putting r ^ oo in theorem 3.1 ,we have 


Finally, we find that 


fit)-tP’lifit)-,x)) =0{R-^). 


fit) - t^uMf it) ; x)) < fit) - t^^^Uf it) ;x)) =0 . 


For Vn > 0, we put = 1 or = 1 in corollary 4.1 , we obtain two cases 

1. If / : R — > R be 2 7r— periodic, integrable in the sense of Lebesgue and belonging to Lip a class, then the 
degree of approximation of function / by almost Riesz means of its conjugate series 

fit) -tlilif it) ; 2 :)) I = o (P-“) ,Vn, (19) 

where {pn} & HBVS and if it) satisfies the following conditions 


W it)\' 


dt =0 (P„ 1), 


dt =0 iP^) 


t-^w) (i)r 


where <5 is a finite quantity, Riesz means are regular and r~^ + = 1 such that 1 < r < 00 . 

2. If / : R —>■ R be 2 tt— periodic, integrable in the sense of Lebesgue and belonging to Lip a class, then the 
degree of approximation of function / by almost Ndrlund means of its conjugate series 


fit)-t^lif it) ] x)) =o(g„“),Vn, 


{qn} G RBVS and if (t)satisfies the following conditions 


1^) wr 


dt =0(Q„l) 



'7r/Qn 




dt 


where 5 is a finite quantity, means are regular and r ^ 
theorem 3.1 Vn > 0, we get 


=,-1 


= O (Qi) , (24) 

= 1 such that 1 < r < oo. Let = 1 in 


4.2. Corollary. If / : M —>■ M be 2 tt— periodic, integrable in the sense of Lebesgue and belonging to 
Lip(a,r) , (r > 1) class, then the degree of approximation of function / by almost Riesz means of its 
conjugate series is given by 


;x)) 




(25) 


where {p„} G HBVS , 1 ^ (t) satisfies the following conditions (20) and (21), d is a finite quantity, Riesz means 
are regular and r~^ + s~^ = 1 such that 1 < r < oo. 

Let = 1 in theorem 3.1 Vn > 0, we get 


4.3. Corollary. If / : R ^ K. be 2 tt— periodic, integrable in the sense of Lebesgue and belonging to 
Lip {a ,p)class, then the degree of approximation of function / by almost Ndrlund means of its conjugate 
series 





(26) 


where {q-n} in RBVS, ip {t) satisfies the following conditions (23) and (24,d is a finite quantity, Ndrlund 
means are regular and r~^ + s~^ = 1 such that 1 < r < oo . 
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